An applicable method for generating mixed meshes around simple and medium complex configurations is presented. Core part of the mesh generation strategy is a smooth meshing of the boundary layer region by structured hexahedrons and prisms applying smoothing based on solving face-weighted Laplace equations. A preconditioning of the point set for triangulation by shear and edge-weighted average affine invariant transformation is proposed to stabilize and accelerate volume triangulation. In order to generate a smooth transition from the highly stretched structured boundary layer cells to the volume triangulation an anisotropic volume triangulation is used, where the derivation of the correct metrics is a key component. Benefits of the mesh generation strategy are outlined comparing calculations on different meshes to experimental data for the ONERA M6 wing. 
I. Introduction
umerical design optimization is an emerging design tool for real world applications in aerodynamics. The state of the art of 3D Navier-Stokes solvers already show a good predictive capability even for more complex 3D aircraft configurations as shown for example in Ref. 1-3. Optimization based on high-level computational fluid dynamics (CFD) tools using Reynolds-averaged NavierStokes equations (RANS) in the meantime is widely used for 2D airfoil design. Today the step towards 3D wing optimization is to be done. Although already practical for simple configurations like wing-body, the effort of 1 Research Scientist, Institute of Aerodynamics and Flow Technology, Lilienthalplatz 7. AIAA Senior Member calculating more complex con-figurations is still too high for application within an optimization environment. The main limiting factor hereby is the number of grid points necessary for accurate flow simulation using hybrid unstructured grids consisting of tetrahedral and prismatic elements. E.g. for the configuration used in the 1 st AIAA Drag Prediction Workshop 1 the medium hybrid unstructured grid used giving promising results contained approximately 12 million grid points. This resulted in a computational effort of 100 hours CPU-time on a NEC SX5 high performance computer for a given flow condition. Even the grid generation for this case took about 1 day turnaround time. This computational effort is clearly unacceptable in terms of an optimization process, where multiple configurations have to be evaluated. As a rough estimate, when assuming 200 evaluations for a converged optimization, this will lead linearly to 200 days grid generation and 800 CPU-days flow calculation. Even assuming a parallel processing of the flow on 4 processors will result in more than 1 year turn-around time for the optimization.
Regarding applications in high-lift optimization the situation worsens. Today, hybrid unstructured meshes for transport aircraft configurations contain about 20-30 Million grid points. A mesh is usually generated over night using an advancing front method for high quality meshes. Even with the new computer technology providing massively parallel LINUX cluster systems, 1 to 5 days are needed for a fully converged flow simulation. Using such meshes would require 40 to 1000 days of computing, depending on the optimization algorithm
The big shortcoming of hybrid unstructured grids is the low anisotropy of surface triangles resulting in a large number of grid points, which is agglomerated through the number of prismatic layers for the boundary layer resolution. This low anisotropy leads to an unnecessary high resolution in span direction, especially for high aspect ratio wings. Recovering the experience with the application of structured grids, it is known, that the aspect ratios of the surface quadrilaterals can be much higher, additionally resulting in well aligned body conforming meshes. The shortcoming of an overall use of structured meshes is the increasing complexity of the targeted configurations, where structured meshing reaches its limitations, mainly due to grid topology issues.
In the past the author et al. 4, 5 reported a new strategy to generate mixed meshes containing smooth structured hexahedral and prismatic elements for the resolution of boundary layers by a parabolic marching routine based on the face-weighted Laplace equation. In the following the method is briefly described. New extensions are presented concerning the interface to the field triangulation and a preconditioning method for the Delaunay field triangulation. These extensions have been crucial in order to accelerate and stabilize the process. Finally the method is applied to a high-lift wing-body configuration including the use within an optimization environment.
II. Mixed Mesh Generation Methods
As long as the variations of the field variables to be resolved by the nu-merical solution to a set of differential equations are of the same order of magnitude in all directions the use of hybrid unstructured meshes is appro-priate and furthermore avoids the manual labor of subdividing the field into blocks usually needed for structured meshes. On the other hand an adequate resolution of very thin layers with large normal gradients requires a layered structure of the mesh. Such meshes may be generated by marching away from a fixed mesh face, say the body surface in case of a boundary layer, or away from a floating mesh face in case of a wake. When the mesh on the initial face is unstructured, the resulting three-dimensional mesh extruded from it consists of prisms of triangular cross-sections and is called hybrid. A structured mesh on the initial face, of course, leads to a fully structured three-dimensional mesh.
Structured meshes are easily clustered differently in all grid line directions. Since they need far less points for directional clustering than hybrid unstructured meshes, they add efficiency to the numerical solution procedure of the differential equations. On the other hand their generation suffers from the amount of work to be invested to achieve the blocking for complex geometries. To ease the situation we combine both kinds of surface meshes starting the three-dimensional marching generation of mixed meshes simultaneously from neighboring patches with structured and un-structured surface meshes.
For the generation of these mixed meshes we integrated surface and volume triangulation methods into the DLR structured mesh generator MegaCads 6 . We used available methods, in fact the TRIANGLE code of Shewchuk 7 and the DELAUNDO code of Mueller et al. 8 for surface mesh generation in parametric space. For the current investigation we use the SIMMETRIX mesh generation code due to its anisotropic capabilities for volume triangulation.
A. Structured Hexahedral Boundary Layer Meshes
Like in most structured mesh generation methods the 3D structured mesh blocks are initially generated by an algebraic interpolation method. Depending on the block boundaries we use either tri-linear or transfinite interpolation 10 . Since our objective is to generate smooth meshes we additionally apply smoothing with the use of elliptic equations. In the work of Niederdrenk 11 beginning with the metric identity in its differential conservative form the well known Poisson equations for structured meshes were derived including a precise analytical definition of all 9 control functions. The metric identity in its differential form simply states that the sum over the face normal vectors in the grid conforming + and -direction together with the sum over the remaining face normal vectors in -and -directions must vanish. A decomposition using the face normal vectors leads to a system of differential equations 
with the s i being the face normal vectors, V the cell volume and the x represent the physical coordinates along the grid lines in the three computational coordinates , , and
This system of equations can easily be separated into the face weighted Laplace equation in computational space and so-called control functions. Prescribing the control functions, the metric identity becomes a mesh generating equation. This is used either for elliptic smoothing or for an advancing layer method through these differential equations parabolized with respect to the marching direction and subsequently discretized 12 . By this the generation of the initial algebraic mesh is not necessary.
B. Smooth Prismatic Boundary Layer Meshes
For unstructured meshes there exists no globally underlying computational space. Therefore, starting from the same basic principle we begin with the metric identity in its discrete form to directly derive from it the set of algebraic equations to be solved numerically. The derivation of the equations has been shown in a previous paper of the author et al. 4 . Proceeding as in the structured case we decomposed the face normal vectors into the line vector directions and rewrote the metric identity in terms of line vectors with coefficients consisting of scalar products of face vectors. Compared with the expanded differential form of the identity for structured meshes, which split into the Laplacian terms and the control functions, the corresponding decomposition of the discrete form of the identity yields nothing similar, still leaving the problem to isolate the Laplacian smoothing part from the pure identity. The problem area is, of course, confined to the unstructured mesh in the body conforming surfaces. Decomposing the discrete identity for planar surfaces results in the definition of suited averages, such that the discrete Laplace equation is represented. To verify this we compared them to the discretized form of the Laplace equation for structured quadrangles and hexagonal cells 13 . So our averaging procedure is not proven but only believed to hold for any collection of triangles forming an N-cornered cell.
First we define the edge vectors in radial, circumferential, and marching direction according to Figure 1 
The face vectors are defined similar to the structured case , , o s t p t r q r s (4) For the averaging we derived that for obtaining the Laplacian equation the face vectors have to be replaced by averaged face vectors based on averaged edge vectors in radial and circumferential direction 
Finally we solve equation (6) for the unknown central point x 0 on level m: 
C. Intermediate layer to connect to volume triangulation
In order to be able to triangulate the volume the outer hull of the hexahedrons of the structured mesh must be converted to a triangulation. First attempts to generate pyramidal elements on top of the hexahedrons led to intersections in concave regions that were only removed by using very flat pyramidal cells.
The way chosen now is a division of the outermost hexahedrons into pyramids and tetrahedrons using the center point. By this method the interface surface grid formed by the outer layer is as smooth as the hexahedral layer itself. Figure 2 shows the sequence of dividing the outer layer first into pyramids, afterwards into tetrahedrons to form a smooth outer hull for the volume triangulation.
D. Metric representations of interface to volume triangulation
The purpose is to adopt a volume triangulation in a way that the cells at the boundaries match the size and the orientation of the underlying hexahedral and prismatic elements. The usually high stretching of the hexahedral cells requires the use of an anisotropic triangulation method. For anisotropic meshing we need to store the information in terms of tensors. The metrics can be stored either as a tensor describing the ellipsoids of density prescription or as transformation tensors describing the transformation into the metric space. We prefer to use the storage of the metric itself. The metric is then a symmetric positive tensor which can be decomposed into the eigenvector matrix E and eigenvalues i according to
The duality to the transformation T into metric space is given by Figure 2 . Division of outermost structured hexahedrons into pyramids and tetrahedrons to achieve a smooth interface surface for tetrahedral mesh generation
The metrics resulting from the surrounding cells, including the block-structured hexahedral cells must be specified. There are three ways to derive space metrics from the surrounding elements
Hexahedral metrics
For the attachment to hexahedral elements we use the principal axis of the hexahedron for the specification of the metrics. For this purpose we form the non-orthogonal basis B H by averaging the edge vectors along the i, j, and k-directions in structured notation. 2 2 1, , ,
, 1, , ,
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The corresponding symmetric metrics is then simply obtained by
Affine invariant
The affine variant metric 14 describes the least square fit of an ellipse in 2D, or an ellipsoid in 3D, through a given set of points, centred at the centre point of the point set. The affine invariant metric is well defined if the number of non-collinear, resp. non-coplanar, points is larger than 2N+1. 
where N is the dimension of the space. This method is suitable for prismatic or pyramidal elements.
Riemannian Invariants
In case of neighbouring cells being tetrahedrons, the metric is derived by using the Riemannian invariant metric of the neighbouring cell. The Riemannian invariant metric is the metric that transforms an arbitrary triangle in 2D or a tetrahedron 3D in an ideal one with unity edge length (Figure 3 ). This leads to solving a system of N! equations of the form , ; , 1 1
where again N is the space dimension. 
E. Preconditioning of Volume Triangulation
In general, volume triangulation methods, even if they are formulated as anisotropic, suffer difficulties if the aspect ratio on the boundary is too high, which usually results in a high computational effort in terms of both time and memory. In order to reduce this effort we use a geometric preconditioning of the surface mesh for the triangulation algorithm. We call it preconditioning since it is a global transformation of the initial boundary triangulation in order to make reduce the anisotropy for the volume triangulation.
A first transformation is a shear transformation, which is important for the application to swept high aspect ratio wings of transport aircraft. 1 
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(13) where P is the set of boundary points and S is the shear transformation for the wing sweep. Assuming the spanwise coordinate to be y the shear transformation is given by 1 sin 0
where is the wing sweep angle. This transformation shears the surface elements and results in an intermediate mesh where the shear has been removed from the surface cells close to the wing, making them more rectangular.
The second item to deal with is the high aspect ratio of the surface triangles. We apply an edge-weighted mean affine invariant transformation. For each surface triangle an affine invariant transformation
is defined by a matrix A reflecting the anisotropy of the surface element
where n is the number of points of the surface element and x c is the center point. In fact the affine invariant is the quadratic form of an ellipsoid passing through the points of the surface element. By this the matrix reflects the size and stretching of the element. We now calculate a mean edge-weighted average of these matrices of all surface elements. The advantage of the edge weighting is that the large regular triangles at the outer domain boundary don't mask the high anisotropy of the small surface elements at the interface. The final point array used for the Delaunay triangulation is now 1 1 Figure 4 the meshing box around the outboard portion of a transport aircraft high-lift wing is shown for all steps of the preconditioning. The points-of-view are identical excluding a necessary swapping of the axes due to the affine invariant transformation where the sorting of the axes is according to the eigenvalues.
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F. Anisotropic Volume Triangulation
For the volume triangulation of the preconditioned boundary grid we use the SIMMETRIX 15 MeshSim suite v7.1, which allows for anisotropic volume meshing. The mesh generation follows an octree approach and is able to adjust to pre-specified anisotropic metrics at the boundaries of the meshing domain. The mesh generation software provided by SIMMETRIX has been linked into the MegaCads grid generator.
III. Applications of Mixed Meshes to the ONERA M6 wing
The aerodynamic configuration where we demonstrate the capabilities of the chosen mixed mesh approach is the well known ONERA M6 wing where measurements at transonic conditions are available for a range of angles of attack 16 . In order to assess the different ingredients of the meshing procedure three different meshes are generated and used in the calculations. In all cases a special a priori knowledge of shock positions was neglected to pronounce more the differences in the different approaches. First, as a reference, a hybrid mesh consisting only of prismatic and tetrahedral elements was generated using the available software CENTAUR 17 ( Figure 5 ). This represents the state of the art of mesh generation used at our institute and generates high-quality, but isotropic meshes. The second mesh uses the mixed mesh approach without passing anisotropic into the tetrahedral space ( Figure 6 ). Finally, the third grid uses the complete approach including the generation of anisotropic tetrahedrons using the metric information from hexahedral and prismatic elements at the interfaces ( Figure 7 ). The comparison in this work concentrates on the benefits of using structured high-y stretched hexahedral elements for shear layer resolution. The surface resolution has been chosen similar to what has been used in structured or unstructured meshing practice. The wall normal resolution is the same for all meshes with 32 structured/prismatic layers and a first wall spacing for obtaining dimensionless wall distances around y + =1. Due to the different methodology the mixed meshes allow for a resolution of the wing wake with C-type hexahedral grids while the hybrid approach is only capable for resolving this region with an O-type topology. No emphasis has been put on resolving possible shock positions since this would represent an a priori knowledge of the flow. Additionally a possible weak shock capturing can pronounce the differences in the different grid structures.
The sizes of the meshes are reported in Table 1 . The mixed meshes both only have slightly more than 20% of the points used in the hybrid grid making use of a high stretching in span direction. The adoption of the tetrahedrons to the metrics of the structured elements itself generates an only small overhead of about 2.5% in terms of points and about 12% in terms of tetrahedrons. , at two distinct angles of attack of the experimental data base, =3° and =6°. Figure 8 shows a comparison of the computed pressure distributions at the 7 wing sections measured in the experiments for the first angle of attack. The directional alignment of the hexahedral cells results in a better shock resolution although the number of surface elements is less than for the hybrid grid. The usage of C-type grids for the wake resolution prevents the occurrence of fish-tails, artificial pressure peaks occurring in O-type grids due to the severe shearing of the prismatic elements. The necessity of the adoption of the tetrahedrons to the structured layer is seen by the occurrence of some pressure variations mainly within the supersonic area. For the last section very close a) mixed anisotropic mesh b) mixed isotropic mesh c) hybrid mesh to the tip the hybrid mesh doesn't capture the pressure distribution and seems unable to capture the wing tip vortex properly, in contrast to the mixed meshes. Figure 9 shows the computed flow fields by pressure contours on the wing, and local Mach number and total pressure loss contours in a planar slice through the mesh. The structured elements in the C-type grid much better capture the wake than the O-type structure obtained by hybrid meshing. The O-type grid diffuses the wake in short distance after the wing surface, while for the C-type grids the wake is resolved up to the end of the structured grid area. The deficiency using isotropic tetrahedral meshing in conjunction with stretched hexahedrons is a result of the supersonic area leaving the region of structured cells and by this being immediately diffused or dissipated. Pressure distributions for the second angle of attack are shown in Figure 10 . The tendencies reported above are more severe comparing the hybrid to the mixed meshes while the differences between the two mixed meshes are less pronounced but still existent. For this case the hybrid mesh solution shows for the outermost 20% of the wing span a shock induced separation that is neither predicted by the calculations on the mixed meshes nor visible form the experiments. It can be assumed that this is a result of the deficit in resolving the wing vortex and wake flow properly. For the mixed mesh computations the resolution of the reacceleration due to the wing tip vortex is in remarkable good agreement with the experiments. A better prediction using a hybrid mesh would only be possible with an even higher number of mesh points in this area.
A final remark should be made concerning the computational efficiency. In some cases different types of mesh elements or non-smooth meshes can affect the convergence of the CFD method. Figure 11 shows the convergences of the density residual and the lift and drag coefficients for the calculations at =3°. It is observed that the differences of the mesh types have no impact on the convergence. In other words, point savings directly scale into savings of computational time and memory effort.
IV. Conclusion
A method for generating smooth mixed meshes for aerospace applications was outlined. Special target was to provide meshes with a small number of mesh points but giving the chance of obtaining accurate results by CFD computations, with the major focus of reducing the computational effort and enabling CFD for design optimization. Key ingredients for high quality meshes for viscous flows are elliptic smooth structured hexahedral and prismatic meshes for the resolution of shear layers at boundaries or in wake regions thus enabling C-type meshes in unstructured meshing. The special problem of matching the highly stretched hexahedral elements with the outer tetrahedrons have been tackled first by a preconditioning transformation to the mesh boundary and a proper derivation of the metrics of surrounding elements to be fed into an anisotropic tetrahedral mesh generation method. The benefits of the proposed mesh type have been demonstrated by comparing calculations on different meshes around the ONERA M6 wing at two different angles of attack. The mixed mesh approach was able to provide results of improved accuracy compared to classical hybrid mesh approached by only using 20% of the grid points. Additional superior behavior was found in the resolution of the wing wake and in the response on the wing tip vortex. The adjustment of the tetrahedrons to the metrics of the underlying elements give an improved accuracy for an only minor overhead of 2.5% more points in the grid. Analysis of the convergence showed that the point savings scale directly into savings of computational time and memory effort. 
